The black holes surrounded by quintessence in higher-dimensional spacetimes, with the presence of the non-linear electromagnetic field, are investigated in Rastall gravity. The obtained solutions accommodate for spherical, planar and hyperbolic symmetries with the presence of the cosmological constant. Besides, we show that several known black hole solutions in literature such as those for linear Maxwell theory and BTZ black hole can be obtained as special cases. The implications of Rastall's theory related to the present study and the thermodynamics of the black hole solutions are discussed. *
INTRODUCTION
One of the possible generalizations of the general relativity is to relax the constraint that the covariant divergence of the energy-momentum tensor vanishes. In 1972, Peter Rastall [1] proposed that the divergence of the energy-momentum tensor might be nonvanishing and proportional to the gradient of the Ricci scalar. Rastall's theory assumes that
where a µ is related to the related to the gradient of the Ricci scalar T ν µ;ν = a µ = λR ;µ .
( 1.2)
The corresponding field equation with the presence of the cosmological constant reads
3)
The theory effectively implies that the curvature-matter coupling is implemented for modified gravity in a non-minimal fashion. In other words, the Lagrangian of the system is not merely a summation of the Lagrangian of geometry and that of the matter fields. Owing to the non-minimal coupling, the geometry and matter fields are affected by their mutual changes [2] [3] [4] [5] [6] . As a result, the ordinary energy-momentum tensor conservation becomes invalid. The theory can be viewed as a phenomenological implementation of specific quantum effects in a curved background [7] . Besides, in the context of cosmology, the Rastall's theory has been extensively investigated [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] . When a free or self-interacting scalar field is included in the Rastall theory [17] , it is found that certain exact solutions can be obtained which are associated with k-essence theory. Rastall's theory has been interpreted as a gravitational theory with variable gravitational constant [8, 9] . In this regard, the standard ΛCDM model is consistently reproduced for the background as well as at linear perturbation level, while additional effects are further explored concerning nonlinear corrections [7] .
In the vacuum, the only non-trivial static, spherically symmetric solution for the Einstein field equation is the Schwarzschild one. When an additional scalar field is coupled to the gravity sector, new exact solutions may appear, related to specific Rastall parameter. Recently, various solutions, and in particular, black hole solutions of the Rastall field equations have been investigated by many authors. These studies include charged static spherically symmetric black holes [17, 18] , Gaussian black holes [19, 20] , rotating black holes [21, 22] , Abelian-Higgs strings [23] , Godel-type black holes [24] , black branes [25] , worm holes [26] , neutron stars [27] , black hole solutions surrounded by fluid, electromagnetic field [28] or quintessence fluid [29] , black hole thermodynamics [30] , higher-dimensional black holes [29] , among other theoretical efforts [31] [32] [33] [34] [35] .
As a further development regarding Refs. [28, 29, 36] , in this work, we aim to investigate the black hole solutions for higher-dimensional spacetimes in Rastall gravity. The black holes in question are surrounded by quintessence, in the presence of the non-linear electromagnetic field. General forms of analytic solutions are obtained and presented. The paper is organized as follows. In the following section, we derive the field equation and present the analytic solutions. Subsequently, the black hole thermodynamics is explored. Further discussions and concluding remarks are given in the last section of the paper.
CHARGED BLACK HOLE SOLUTIONS FOR n + 1 DIMENSIONAL SPACETIME IN RASTALL THEORY Let us consider the following static spherically symmetric black hole metric in n + 1 dimensional spacetime
For charged black holes, we assume that the electromagnetic field is also static as well as spherically symmetric. This implies that the only non-zero component is the electric potential, which is given by
For the angular part, here we define
where dΩ 2 n−2 is a n − 2 dimensional unit sphere, and σ = 1, 0, −1 correspond to solutions with spherical, planar and hyperbolical spacetime symmetries. It is worth noting that for the (2 + 1) dimensional spacetime, as n = 2, the unit sphere dΩ 2 becomes ill-defined, and therefore Eq.(2.3) is only meaningful for the case of σ = 0.
As a generalization, we also consider the action for the electromagnetic field to have the following nonlinear form [36] [37] [38] [39] 
where F = F µν F µν and F µν = A µ;ν − A ν;µ is the Faraday tensor. ξ and s are constants. One can always choose ξ = 1 by redefining F µν . For s = 1, the linear Maxwell field is restored. Also, as shown below, the BTZ-like Maxwell field corresponds to the case where s = n/2. Subsequently, the field equation is given by
It is straightforward to show that, the following form for the only non-vanishing components of F µν indeed satisfy Eq.(2.5): 6) and by integrating in r, it gives
where Q represents the electric charge of the black hole, which is justified by comparing with the case where n = 3 and s = 1. For the charged black hole, we choose A 0 = 0. Subsequently, the energy momentum tensor of electromagnetic field is found to be
The total energy momentum tensor consists of those of the electromagnetic as well as the quintessence field surrounded the black hole
where the latter is characterized by its barotropic equation of state p = ωρ, subsequently it reads [29] T * t
Substituting the energy-momentum tensor as well as the metric into the Rastall field equation Eq.(1.2-1.3), one finds the following black hole solutions. For s = n/2, one finds
where
On the other hand, as discussed below, for s = n/2, one obtains the BTZ-like solutions as follows
where M a , M b , C a and C b are constants, and their substantial physical interpretations will be studied in the next section. It is meaningful to express the above solutions regarding constants with straightforward physical content. This will be carried out in the following section. In what follows, we will use the subscript a to indicate solutions for the s = n/2 case, and b to represent those for the s = n/2 case.
BLACK HOLE THERMODYNAMICS
Black hole thermodynamics require that the mass, temperature, entropy, electric charge and electrostatic potential of the static black hole satisfy the first law
where M and Φ are the mass and electrostatic potential of the black hole, respectively. In this section, we focus on the property of black hole thermodynamics at event horizon, where the entropy and temperature for a static black hole are given by
where r 0 is the radius of the event horizon which satisfies f (r 0 ) = 0, and A(r 0 ) is the area of the event horizon in n + 1 dimensional spacetime, which is given in terms of the Γ function
Eq.(3.1) implies
which can be used to obtain the masses of the black holes. In fact, it is not difficult to show that the black hole mass M is proportional to the constant of integration M. To be more specific, one finds that the proportionality constant to be
, namely,
(3.5)
Moreover, the electrostatic potentials are found to be Let's compare the above form of electrostatic potentials with Eq.(2.7) evaluated at event horizon r 0 , one finds that the resultant relation can be used to further constrain the model parameters. As mentioned by the end of the previous section, we now proceed to rewrite the black hole solutions in terms of physical quantities such as the electric charge Q, black hole mass M and the radius of event horizon r 0 . Besides, one also evaluates quantities such as Φ h , S h , and T h in terms of the above variables.
For s = n/2, one finds
2s − n (3.8)
On the other hand, for BTZ-like solutions with s = n/2, we have
We note that both M a and M b can be considered as the functions of r 0 , which are determined by f a (r = r 0 ) = 0 and f b (r = r 0 ) = 0 respectively. Besides, if the spacetime possesses a cosmological horizon, it implies that f can be written as f (r) = H(r)(r − r 0 )(r c − r), (3.11) with H(r) > 0 for r 0 < r < r c . The Hawking temperatures of the black hole at event horizon and cosmological horizon are T h = H(r 0 )(r c − r 0 )/4π and T c = H(r c )(r c − r 0 )/4π respectively. The area law of entropy holds at cosmological horizon, which gives
Furthermore, suppose some matter pass through the cosmology horizon and thus one also constructs the first law of thermodynamics for the cosmological horizon [40] , namely,
where Φ c = A t (r c ) is defined in Eq.(2.7) with A 0 = 0. As it is well-known, the total entropy S t of the black hole includes those of the event horizon S h and the cosmological horizon S c . Therefore one has
where A h and A c are the areas of the event horizon and the cosmological horizon respectively.
DISCUSSIONS AND CONCLUDING REMARKS
Now, let us discuss a few known black hole solutions which can be obtained as special cases of the solution found in this work, Eq.(2.11) and Eq.(2.13). First, we note that owing to Eq.(2.6), s = n/2 is associated with a distinct class of solutions. In particular, for the usual four-dimensional spacetime with linear Maxwell theory, namely, n = 2, s = 1, the BTZ black hole solution is restored. Therefore the solutions satisfying s = n/2 are referred to in the text as BTZ-like solutions. In (3+1) asymptotic spacetime, the black hole solutions with linear Maxwell theory have been studied in Ref. [18] where the surrounding fluid satisfies the barotropic equation of state, p = ωρ. On the other hand, when the Maxwell field is removed, the black hole solution in higher dimensional spacetime with the presence of quintessence fluid has been investigated in [29] recently. It is readily to verify that the solutions presented in [29] are restored by taking s = 0 in Eq.(2.11). If one further considers the case where n = 3, the results in [28] are reproduced. Also, the solution found in [41] is obtained in the limit κλ → 0. Moreover, in (2 + 1) dimensional spacetime, only the planar black hole solutions persist, which corresponding to take σ = 0 in the general solution Eq.(2.11) and Eq.(2.13).
Following the line of thought of Rastall's original idea [1] , in general, we note that a µ can be any vector that vanishes in flat spacetime while satisfying Eq.(1.1). Though the curvature of the spacetime governs the specific form of a µ , it is not necessarily given by Eq. (1.2) . In this context, the filed equation becomes
with
Such resultant field equation may be referred to as generalized Rastall gravity, which inherits the original spirit of Rastall's theory. As a matter of fact, many well-known theories of (modified) gravity can be viewed, to a certain degree, as derived by adopting specific forms of A νµ . The simplest example is general relativity with the cosmology constant, since one may rewrite the Einstein field equation as
Comparing to Eq.(3.15) and (3.16), one has
and subsequently
A more sophiscated example is quadratic gravity [42] , where the term A µν is found to be
It is straightforward to show that a µ = ∇ ν A νµ vanishes in flat spacetimes. More generally, one may assume the form of A to be A νµ = κ −1 g µν F (R), where F (R) is an arbitrary function of the scalar curvature R. However, for this case, it is noted that it becomes more difficult to obtain the expression for the action of the corresponding system. In this context, the generalized Rastall gravity in terms of the relation ∇ ν T ν µ = a µ = ∇ ν A ν µ can be viewed as a further relaxation of the conservation law of the energy-momentum tensor while satisfying the equivalence principle.
Interestingly, we may also interpret the above discussions from another viewpoint: if the energy-momentum tensor is redefined asT µν = T µν − A µν , one subsequently has ∇ µT µν = 0. Thus the theory is mathematically equivalent to the Einstein's gravity because the conservation of the energy momentum tensor remains unchanged as discussed in Ref [18, 32] .
To summarize, in the present work, explicit forms of the black hole solutions are encountered where one considers non-linear Maxwell field in an arbitrary n dimensional spacetime, surrounded by quintessence fluid. The solutions with spherical, planar, as well as hyperbolical spacetime symmetries are obtained and expressed in a compact form corresponding to σ = 1, 0, −1. In particular, a class of BTZ-like black hole solutions is found, which is associated with the BTZ black hole in (2+1) dimensional anti-de Sitter spacetime, as well as with other BTZ-like solutions in higher dimensions [36] . In regards to the black hole thermodynamics, we present the thermodynamic quantities regarding those related to the hair of the black hole. We found the constant of integration, M, is proportional to the mass of the black hole, M, and therefore carries the physical content of the latter. The present study may pave the way for further investigation on quasinormal modes as well as Hawking radiation of the black hole solutions, especially for the case of higher dimensional spacetimes, which is relevant to many related topics.
